The fact that the coefficients of capacitance for a set of capacitors are geometrical factors appears in all textbooks of electricity and magnetism. However, in basic treatments there is no a rigorous demonstration of such a fact and most of the proofs are based on the Green formalism. We present a demonstration based on the Laplace's equation that can be accesible for students of a basic course in electricity and magnetism. Moreover, the formalism developed permits to obtain some properties of the matrix of capacitance that are of both theoretical and practical interest. Finally, some specific calculations of such coefficients are done to illustrate the usefulness of the formulas and properties obtained in the paper.
The fact that the capacitance is a geometrical factor is a very important issue in any course of electricity and magnetism [1, 2] . Nevertheless, a rigorous demonstration of such a fact is absent in basic textbooks about the topic, and demonstrations are usually based on the Green formalism [3, 4] making them no accesible to a basic course on the topic. In addition, the formulation presented by Refs. [3, 4] is not so suitable for analytical or numerical calculations. Several techniques to calculate coefficients of capacitance based on the Green formalism [5] and other methods [6] - [9] have been developed.
In the present paper, we show a simple but rigorous demonstration concerning the geometrical nature of the coefficients of capacitance. From the procedure several properties of the matrix of capacitance are easily found. Finally, the formulas and properties are used to do some practical calculations.
Coefficients of capacitance
Let us consider a system of N conductors where the potential on each conductor is denoted by ϕ i , i = 1, 2, ..., N and an external conductor that encloses them, its surface * jherreraw@unal.edu.co † radiazs@unal.edu.co 
where S i is the external surface that encloses the conductor i and that is arbitrarily near to the real surface of the conductor (see Fig. 1 ), n i is a vector normal to S i pointing outward with respect to the conductor * . We define the total surface S T as
and the volume V ST defined by the surface S T is the one delimited by the external surface S N +1 and the N internal surfaces S i . Clearly, the potential φ in such a volume * It worths clarifying that Q N+1 is not necessarily the total charge on the external conductor, but only the charge accumulated on the surface of the cavity that encloses the other conductors. For example, if the conductor is a sphere with a concentric cavity, it could there be charge accumulated on the spherical surface corresponding to the major radius. Effectively, throughout all this treatment, the value of the charge will be calculated with the surface integral (1) which for the case of the internal conductors takes the whole surface, but for the external conductor it only takes the surface of the cavity that encloses the other conductors.
must satisfies the Laplace's equation with the boundary conditions
by virtue of the linearity of the Laplace's equation, the solution for φ can be parameterized as follows
where f j are functions that satisfy the Laplace's equation in the volume V ST , with the following boundary conditions
such solutions for f j ensure that φ is the solution of the Laplace's equation with the boundary conditions (3). Additionally, the unicity theorems ensure us that the solution for each f j is unique (and same for the solution of φ). Even more, the boundary conditions (5) indicate clearly that the f j factors depend exclusively on the geometry. Applying the gradient operator in Eq. (4) and replacing into (1) we get
and we see clearly that the C ij factors are exclusively geometric. The demonstration that the associated C ij matrix is symmetric can be obtained by purely geometric arguments. Starting from the definition of C ij in Eq. (6) we find
where we have used the fact that f i = 1 on the surface S i and zero on the other surfaces. From Gauss's theorem we obtain
which is obviously symmetric † , i.e. † Eq. (7) is an integral of volume for the C ij factors. We could be tempted to use the Gauss' theorem to obtain an integral of volume directly from Eq. (6). However, f j is not defined in the region inside the conductors. Indeed, the gradient of f j in Eq. (6) is evaluated in an external neighbourhood of the surface.
C ij = C ji (8) in appendix A an alternative demonstration based on arguments of energy is presented. On the other hand, when one or more of the N internal conductors have a cavity, and such a cavity is empty, though it is clear that the surface of the cavity is part of the surface of the conductor (let us call it S ic ), there is no charge induced on such a surface [1] , [2] . Consequently, the surface of the cavity can be excluded to make the integration in Eq. (1) and does not contribute in the calculations. In addition, we can check by unicity that f j = δ ij into the volume of the cavity V ic so that ∇f j = 0 into such a volume, and hence it could be excluded from the volumen integral (7) and does not contribute in the calculations.
This story is different if there is for instance another conductor(s), into the cavity. In this case, the surface of the cavity contributes in Eq. (1) and must be included in S T given by Eq. (2) . Similarly the volume delimited by the cavity and the embedded conductor(s) should be included in V ST for all purposes. The arguments can be extrapolated for successive embedding of conductors into cavities as shown by System in which there is succesive embedding of conductors, the volume V ST correspond to the region in white. Nevertheless, the region corresponding to empty cavities (and their associated surfaces) can be excluded without affecting the calculations. For example, in this picture cavity A is empty and its surface and volume need not be considered for calculations.
Some additional properties
From the definition of C ij in Eq. (6), it can be seen that
where we have used the Gauss's theorem taking into account that the normals n i point inward with respect to the volume V ST (see Fig. 1 ). Remembering that the factors f j obey the Laplace's equation in the volume V ST we arrive to the identity
i.e. the sum of all of the coefficients of capacitance associated with the conductor j, including C N +1,j is zero (j could also correspond to the external conductor). Appendix B shows some proofs of consistency for this important property. In the language of the matrix of capacitance with dimensions (N + 1) × (N + 1), the property (9) says that the sum of the elements over any column of the matrix is null. Taking into account that such a matrix is symmetric, it arises as a corollary that the sum of the elements of any row is also zero, i.e.
In appendix C the property (10) is demonstrated in an alternative way. Such an appendix also shows the following property concerning the f j factors
From (8) and (9) we can see that if we have a system of N conductors surrounded by another conductor N + 1, the number of independent coefficients of capacitance is
where we have taken into account the symmetric nature of the C ij matrix with dimensions (N + 1)×(N + 1), and also the N + 1 constraints (9). Other important properties are the following
the first one is straightforward from Eq. (7). To demonstrate the second, we should remember that the solutions of the Laplace's equation cannot have local minima nor local maxima into the volume in which the equation is valid [1, 2] . Consequently, the f j factors must lie in the interval 0 ≤ f j ≤ 1 (14) and since the value of f j is zero in any surface S i as long as i = j, we see that f j acquires its minimum value in such surfaces. Therefore the factor ∇f j should point inward with respect to the conductor i if i = j, hence
replacing (15) into Eq. (6) we get C ij ≤ 0. An additional demonstration of the fact that C ii ≥ 0 can be obtained by taking into account that the f j factor acquires a local maximum on the surface S j .
On the other hand, Eq. (9) can be rewritten as
but from the properties (13) we have that C N +1,j ≤ 0 for j = 1, . . . , N ; while C N +1,N +1 ≥ 0, hence
from (8, 9, 13, 16, 17) the following properties arise as corollaries
Notice that if we are interested in calculating the total charge on the internal conductors Q int , property (9) could be useful. In going from Eq. (25) to Eq. (26) of appendix B, we have used the property (9), and it is clear that Eq. (26) requires to calculate many less elements of the C ij matrix than Eq. (25), this difference is more significant as N increases.
A particularly interesting case arises when the external conductor lies at null potential. In such a case although the elements of the form C N +1,j do not necessarily vanish, they do not appear in the contributions to the charge on the internal conductors as can be seen from Eq. (6) by setting ϕ N +1 = 0. For this reason, the matrix of capacitance used to described N free conductors (i.e. not surrounded by another conductor) has dimensions N × N ‡ . ‡ By unicity, the solution for this problem is equivalent to the solution for a system consisting of the same N conductors contained in the cavity of a surrounding conductor, such that all the dimensions of the cavity tend to infinity, and the potential of the external conductor is settle to zero.
The case of two conductors
Let us analyze the case of a single internal conductor with an external conductor i.e. N = 1. In all cases the internal conductor is labeled as the conductor 1. From (8) and (9) we have
therefore, there is only one independent coefficient (in agreement with Eq. 12 using N = 1), say C 11 ,
the charges on the internal and external conductors can be calculated from Eq. (6)
This result is consistent with Eq. (27) and shows us that the charge induced on the surface of the cavity of the conductor 2 is opposite to the charge on the conductor 1. From this scenario, we derive three examples well known in the literature that we summarize in table 1. Two parallel planes with area A in x = 0 and Table 1 : C 11 and f 1 factors for three systems of two conductors well known from the literature. We have neglected edge effects in the cases of the cylinders and planes.
Examples
Example 1: We consider the case of two concentric spherical shells with radii b and c, and a solid spherical conductor (also concentric with the others) with radius a such that c > b > a. The potentials are denoted by ϕ 1 , ϕ 2 , ϕ 3 respectively. This is a scenario with embedded conductors as discussed at the end of Sec. 1. The general solution of the Laplace's equation for f i can be written as
Using Eq. (5), we get easily f 1 and f 3
r , b ≤ r ≤ c although f 2 can be obtained with the same procedure, it is more advantageous to extract it from property (11) finding
the reader can verify that this is the correct solution for f 2 . The nine coefficients of capacitance can be evaluated explicitly from (6) , as the reader can check. Notwithstanding, it is easier to use the properties (8) and (9), and taking into account that C 31 = 0 (∇f 1 (r) = 0 for r > b) from (8) and (9) we have
From Eq. (6) the charge on each conductor is
hence, we only have to calculate C 11 and C 32 § , and they give
In the case in which ϕ 2 = ϕ 3 , we find that Q 1 = −Q 2 and Q 3 = 0. It can be shown that Eqs. (20) and (21) are valid even if the conductors are no spherical nor concentric, indeed they come from Eqs. (6, 8, 9) which are general properties independent of specific geometries.
Example 2 Consider the case of two internal conductors and the external conductor tends to infinity with zero potential. As we have discussed, it is equivalent to having two isolated conductors with no conductor enclosing them. As it is customary in the literature, we begin with both conductors initially neutral Q 1 = Q 2 = 0, since the coefficients of capacitance are in general different from zero we have that the initial potentials are null ϕ 1 = ϕ 2 = 0. Raising the potential in conductor 2 up to ϕ 2 while keeping conductor 1 at zero potential we find Q 1 = C 12 ϕ 2 ; Q 2 = C 22 ϕ 2 § Taking into account that C 13 is another degree of freedom (though null), we have a total of three degrees of freedom, in agreement with Eq. (12) by setting N = 2.
with which we get that C 12 = −C 22 , and hence from the property (9) it is found that C 32 = 0. The total internal charge is Q T = C 31 ϕ 1 + C 32 ϕ 2 = 0, which is consistent with the solution C 12 = −C 22 . Similarly by setting ϕ 2 = 0 and ϕ 1 = 0, we get C 21 = −C 11 and from (8) and (9) C 31 = 0. With this we can conclude that C 12 = C 21 = −C 11 = −C 22 and write in general that
finally, it worths emphasizing that when we establish the neutrality of the system and then charge the conductors with opposite charges the potentials ϕ 1 and ϕ 2 are not arbitrary any more and we only can fit the voltage, it is translated in the fact that we cannot invert the matrix of capacitance, which is consistent with the solution C 12 = C 21 = −C 11 = −C 22 .
These examples show how the properties derived in this paper can be useful in explicit calculations of coefficients of capacitance.
Conclusions
We demonstrated by an analysis based on the Laplace's equation that the matrix of capacitance only depends on purely geometrical factors. This demonstration is easily accesible for students of basic courses of electricity and magnetism in contrast with other rigorous demonstrations presented in the literature [3, 4] . In addition, our approach permits to show many properties that are of theoretical and practical interest. The geometrical formulas and properties shown here permits to simplify greatly many explicit calculations of coefficients of capacitance. Indeed, even for numerical methods implementations based on the Laplace's equations are in most of the cases easier than the ones based on a Green formalism, and the properties developed in this paper could serve either to tight up the calculations or to make proofs of consistency.
In some cases we present demonstrations with several approaches and some proofs of consistency to get a more physical insight and also to enhance the reliability of the derivations. In particular, most of the demonstrations are based on purely geometrical arguments, which are not usual in the literature.
A The symmetry of the C ij matrix and the reciprocity theorem
Starting with all conductors at null potential, we charge the conductor j up to its final potential ϕ j , the work necessary is (1/2)Q j ϕ j = (1/2)C jj ϕ 2 j . Now, keeping the conductor j at potential ϕ j , we charge the conductor i up to its potential ϕ i , the work for it is (1/2)Q i ϕ i = (1/2) (C ii ϕ i + C ij ϕ j ) ϕ i , the total energy to settle both conductors at potentials ϕ i and ϕ j is
On the other hand, by charging the conductor i first and then the conductor j until the same final configuration, the energy required is the same because of the conservativity of electrostatic systems and is given by
and Eqs. (22, 23) lead to
Now for certain geometrical configuration of conductors, let us take two sets of charges and potentials {Q i , ϕ i } and {Q (6) and (8) we have that
this result is known as the reciprocity theorem [1] .
B Proofs of consistency
A proof of consistency for the identity (9) , is achieved by using (6) , to calculate the total charge on the N internal conductors
using (9) it is obtained
Now using again Eq. (6), we can find the charge on the external conductor
property that can also be obtained from Gauss's law [1, 2] . An additional proof of consistency for Eq. (9) appears by employing Eqs. (6) and (26), to calculate Q int (taking into account that Eq. 26 comes directly from Eq. 9)
and utilizing (4) it reads
this relation is clearly correct since n N +1 points inward with respect to the volume V ST .
A proof of consistency for Eq. (7) that shows the symmetry of the C ij factors can be obtained by calculating the electrostatic internal energy, which in terms of the electric field reads identity (28) is general because the f j factors are purely geometrical. We can get an alternative demonstration of Eq. (10). The sum of the elements in a row of the C ij matrix is found by using Eq. (6) 
